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It is known that for a = 2.n + 1, {(a) = nOr(u) - G,(i), where G.(T) has a 
Fourier expansion G,,(T) = Cg1 I c (u)e*~m and r(u) is rational. For a slightly 
more general function G.(T, x) = x.“-, c,,(a, x) ernc~lr [which, for k = 1 
reduces to G,,(T)] it is shown that if x(n) is a nonprincipal, primitive congruence 
character modulo k, then G.(i, X) = &-or(u, d. Here 2 is the conjugate 
character, *) is a Gaussian sum, and r(a, d is algebraic. If x(n) is also 
real, then k-“%“G.(i, x) is actually rational. 
1. INTRODUCTION AND MAIN REWLTS 
For real c and complex 7, with Im T > 0, let a,(n) = Cain dc and, 
for odd a and b = (a - 1)/2, set 
m  
F,(T) = C u-,(n) e2ninr, H,(T) = --23,‘(T) + (a - 1) F,(T) (1) 
n-1 
and 
G,(T) = 15 Ha(T) if url(mod4), a#l; G,(T)=co, 
2Fa(7) if a E 3 (mod 4). 
Then 
with 
G,(T) = f c,(u) eaainT 
ta=l 
c&4 = I 
if url(mod4),a#l;c,(n)=oo, 
20--,(n) if a = 3 (mod 4). (2) 
* This paper was written with partial support from the National Science Foundation, 
through Grant NSF GP-13349. 
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In what follows, &s) will stand for the Riemann zeta-function and we 
denote, following [3], the n-th Bernoulli number by Bn. The main result 
of [2] can now be stated as 
THEOREM A. For positive, odd a = 2b + 1, 
with rational 
<(a) = &(a) - G,(i) 
(a - 1: + l>! v=o 
F (- l)u(a + 1 - 4~) (” 2 ‘) B2vP+1-2v 
r(a) = if a E 1 (mod 4), 
(a2L;j! z (-1)y (” L ‘) B2VBa+1-2v if a = 3 (mod 4). 
The arithmetic nature of G,(i) is of obvious interest. In particular, in 
the present context one would like to know whether G,(i) is of the form 
+?*(a) with rational r*(a). In the afhrmative, cQ{(a) would be rational 
for all positive integral arguments-a rather unlikely result. For this reason 
it may not be without interest to observe that certain functions, closely 
related to G,(T) take, for T = i, values of the form +A(a, x), with algebraic 
A@, xl. 
Before we state the theorem that represents the main result of the present 
paper, it is convenient to introduce a few more notations. 
Let k > 1 be a natural integer and x(n) a congruence character modulo k. 
The conjugate character will be denoted by z(n) and the Gaussian sum 
c nmodk x(n) exp(2rrinlk) by T(X). We also set 8 = 6(x) = (1 - x(- 1))/2, 
U&G xl = C d”lx2(4 and a,(x) = x(n) u-dn, xl. 
dln 
For simplicity, the dependence of a,(x) on a is not emphasized by the 
notation. One observes that for (n, k) = 1 and x(n) a real character, 
a&, x) = xdln d” = o,(n) and a,(x) = x(n) u-,(n), while for (n, k) > 1, 
a,(x) = 0. Finally, in analogy with (2), recalling that a = 2b + 1, we 
set 
c, = c&4 x) = 
I 
2( (aTl)k + l)a,&) if b+6=O(mod2), 
24x) if b+6=1(mod2), 
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and 
Ga(7, x) = g C&Z, x) e2ninrlk. 
n-1 
(3) 
With these notations, the following theorem holds. 
THEOREM. Let x = x(n) be a primitive congruence character modulo 
the positive integer k > 1; then the function Ga(7, x) defined by (3) satisfies 
with r(a, x) algebraic and belonging to the cyclotomic jeld generated over 
the rationalfield Q by the values of the character x(n). In particular, $x(n) 
is a real, primitive character module k, then r(a, x) is rational and so is 
k-14r-aG,(i, x). 
One remarks that if the restriction k > 1 could be removed from the 
theorem, then the unlikely result that rr-9$z) is rational for all positive 
integers a would follow. 
2. A PARTICULAR CASE 
In order to present clearly the idea of the proof, we start with the 
technically simple case a = 1, b = 0. For x(n) a primitive character 
modulo k, let 
and set 
L(s, xl = 2 x(4 n-s 
n=l 
Then 
d(s) = MS, x) = L(s, xl Lb + 1, RI. 
1 n-“m-8-1x(n) R(m) 
= $-’ c m-lx(n) n(m) = 5 a,&) n-’ 
FZ’?lN=P n=l 
with 
G(X) = C d-‘x(W $4 = x(4 C g”(d) d-l = x(n) a&, x) 
din din 
(= 0 if (n, k) > 1). 
228 GROSSWALD 
For real x(n), 
Set also 
4x) = x(4 44 = x(n) .-144. 
a(s) = (27r/k)-5 r(s) f&s). 
Using the functional equation of the L-functions (e.g., in the convenient 
form quoted in [3]) and recalling that 
‘(Xl T($ = t-w 
it follows that 
Q(s) = (-I)* q-s). (4) 
One may observe that for nonprincipal x(n), C?(S) is holomorphic for 
(Re s =) u > 0; hence, by (4), it also is holomorphic for u < 0. If x is 
an even character, then L(0, x) = 0 and Q(s) is an entire function. For 
odd x, @(s) has a pole of first order at s = 0, with residue 
The character x being primitive, it follows further that (see, e.g., [ 1, p. 3361) 
Ro = k2;x) S2, where s = c “X(U). 
Ocv<k 
For convenience we may set R, = 0 if x is even. 
Let also 
F(T, x) = F(T) = 5 m-‘x(4 R($ q”” = TI an(x) 4”9 
n.m-1 n-l 
with q = e2+lk, Im 7 > 0, and the same a,(x) as above. Then 
(5) 
e-2ntnlkt*-l dt = &)(2r/k)-” 5 a,(x) n-* 
n-1 
By Mellin’s theorem (its use is easily justified), 
where ftO, stands for lim,,, c$ and a 3 E > 0. 
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Using (4) we obtain 
F(T) = $J I, 
rJ 
) @(s)(T/i)-J ds 
=- 2Li I,-,, @(--8)(7/i)” ds = $$ I,- 
D 
) @@)(7/i)” ds 
= (-1)6 I& I, ) @(s)(+)sds - R,/ = (-l)“F(-l/7) + R,. 
D 
In particular, for even x, F(T) = F(- l/7) and, for T  = it, F(it) = F(i/t). 
From this follows 
0 = lim WO - Ftilt) 
f-t1 t-l 
= ljy {iF’(it) + it-2F’(i/t)} = 2iF’(i), 
and this implies 
F’(i) = 0. (6) 
For odd x, F(T) + F(-l/~) = R0 = ~iS2/{k2T($} and it follows, in 
particular, that 
F(i) = [7&!k2T(X)] s2. (7) 
For real x, a,(x) = x(n) u&z) = n-l x(n) u(n) (u(n) = Cain d). 
Using (5) to compute F(i) and F’(i), and substituting these in (6) and (7), 
one obtains the following 
PROPOSITION. For primitive even, real x(n), Cl, x(n) o(n) e--lnnlk = 0; 
for real, odd, primitive x(n), 
5 x(n) a(n) n-le-zmnlk = & S2 
n=l 
(s = ~lixti)). 
3. PROOF OF THE THEOREM 
Generally, for a primitive character x(n), let 
cm<= b&, xl> = m, xl us + a, 17), 
with positive, integral, odd a = 2b + 1. One has 
4x) = x(n) C d-wGQ2 = x(n) ~-a@, xl- 
din 
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For real x(n), 
&z(x) = x(n) G&9 = n-“x(4 %W = x(4 a, , 
where a, = o&z) are the coefficients of Fa(T) in (1). Proceeding as before 
and using the functional equation of the L-functions, 
satisfies 
G(s) = (271/k)-8 F(s) d(s) 
with s’ = 1 - a - s. 
Let also 
G(s) = (- l)b+8 @(S’) 
with q = eSai71k and a,(x) as above, so that 
Then 
F(T) = g m-“x(n) a(m) q”“. 
n,m=1 
s 
m 
F(it) t8-l ds = Q(s) 
0 
(8) 
and by the inversion of the Mellin integral and (8), 
for (T > 0. 
Replacing here s by 1 - s’ - a, using (8) and shifting the line of inte- 
gration back to u we obtain successively 
F(T) = & 1,,,, @(I - S’ - a)(+)“‘+“-’ ds’ 
(- l)b+s 
I 27ri co’) 
@(s’)(T/i)“‘+“-f ds’ 
= (- l)b+8 I& s, 
0 
) @(s)(T/i)“+“-’ ds - C residues! 
= (- l)b+a [(T/i)“-‘F(--l/T) - 2 residues/, (9) 
where u’ < -(a - 1). 
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We consider separately the cases of x even and x odd. 
(a) x(n) even. The zeros of L(s, x) at s = -2m (m > 0) cancel the 
corresponding poles of I’(S). The zeros of L(s + (I, 2) at the negative 
odd integers less than -2b also cancel poles of r(s). At the negative 
odd integers - (2~ + l)(v = 0, l,..., b - 1) the integrand 
L(s, x) L(s + a, jq) qS)(277/k)-s (T/i)“+“-’ 
has poles of the first order with respective residues 
L(1 - (2v + 2), x) L(2b - 2v, n). 
If we use here the functional equation of the L-functions and Leopoldt’s 
representation of the values of L-functions by generalized Bernoulli 
numbers Bxn (see [3]), the residues become 
T(j) 27r a (-l)b+l 2 (--) (a ; l)! . (-I>” (lv’, :)(f)“-2’“+z’B~+2B~-2”-1 
The sum of these residues equals 
(v = 0, I ,..., b - 1). 
(-l)bF (G,” (a : 1), . il (-1)” (* ; 1)(f)a-2” B~B;+1-2v, 
and (9) now reads 
F(T) = (-l)b (f)5(- l/T) 
For T  = it, (10) becomes 
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If a = 1 (mod 4), then b is even and, on account of (2”,“) = (;&,), 
lim F(2) - P-‘F(Q) 
r-1 t-1 
(a :  I ) !  
x F (-1),- l  ( ”  ;  ‘) BFB,a+l-% (  “ -p ;  1 :‘“-l )  
l-1 
a 
= 2(a + I)! 
(+)” 4 (-l)y-I (” 2’, ‘) (a - 41, + 1) Bfr2’B:+‘-‘“. 
In analogy with (I), we now set 
~&AT, x) = -2iFa’(7, x) + (a - 1) F&T, X) = -$+m F,(it) - P-T&/t) 
t-1 ’ 
the last equality being justified by L’Hospital’s rule. It then follows that 
fG)(= Mi, x>) = 2 j$ u,(x) (n + $-) e-21m/k, 
with 
G(X) = x(n) &I~ d-“$)2. For real x, u,(x) = n-“x(n) a,(n), as already 
seen. In particular, for even, primitive x and even b, one obtains 
with 
KG x) = ++(R) r,(a, x) (11) 
rl(uT xl = (5,” 2(u : I)! “=l ; (- l>,-1 (” 2f, 1) (a - 41, + 1) B~B;+1-2”. 
It is known (see [3]) that the Bxn are algebraic and belong to the cyclo- 
tomic field generated over the rationals by the values of the character 
x(n). In particular, if the x(n) are real, the Bxn are rational. It follows 
that r,(u, x) is algebraic and, if x(n) is a real, primitive character, then 
rl(u, x) is actually rational. Recalling that T(X) = G and that, for real 
x(n), H(i) is real, it follows that in this case k-1/2raH(i) is rational. 
If a = 3 (mod 4), b is odd and (10) reads 
F(T) + (T/i>“-’ F( - l/T) 
T($ 
= 2(u + l)! 
($)” vi (- l)y--l (’ 2’1 ‘) (~/i)o-~“B~gXa+~-~“. 
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Setting here T = it, one obtains 
F(it) + ta-‘F(i/t) = 2(uT&, (G) a i (-qv-1 (” 2fu 1) p-~g3$+1-2” 
and, in particular, for t = 1, 
It follows that for even, primitive x, b odd, 
F(i){= F(i, x)) = 5 a,(x) e--/k 
la-1 
is of the form 
with algebraic 
(12) 
For real x(n) the BXn, hence also r2(a, x), are actually rational and 
FQ(i, x) is real, so that k-lkraFa(i, x) is rational. 
(b) x(n> odd. The poles of p(s) at the odd negative integers are 
cancelled by the zeros of L(s, x); hence, the integrand in (9) has only 
simple poles at s = -24~ = 0, l,..., b), with respective residues 
& L(-2v, x) L(2b - 2v + 1, R) (+)z”(+)zb-z” 
= (-l)b+v zig (2r)2b+1(+)2b-2” (u ; l)! (,ay’,‘,, 5y*5;-2”. 
The sum of the residues is 
(-])b dif) 
2i(a + I)! 
Proceeding exactly as before, we now obtain 
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If a = 1 (mod 4), so that b is even, 
F,(i, x) = 5 a,(x) e+nlL 
t1=1 
m 
= 4i(a + I)! (+)” & (-1)” (,ay’, :) Bf’+‘B;-‘* 
m = 7 +rda, xl, (13) 
where r,(a, x) is algebraic and, for real x(n), actually rational. 
If a = 3 (mod 4), so that b is odd, 
fW, x> = 2iF,‘(i, xl - (a - 1) F&, x) 
= - $ il a,(x) (n + g, e--$nn’k 
a 
= 2i(a + l)! 
($-)a ‘b$‘z (- 1)” (2avz \) (a - 4v - 1) B~+1B~--2v 
with r4(a, x) algebraic and, if J&Z) is real, even rational. In this case it is 
clear that H,(i, x) is real, so that k-1/2.rr-QH,(i, x) is rational. 
These results can be formulated succinctly, by stating that for prim- 
itive x and b = 6 (mod 2), rr-“H,(i, x) is algebraic and, if x is real, 
k-1/2~-aHa(i, x) is rational, while for primitive x and b + 6 (mod 2) 
~--“1F,(i, x) is algebraic and, if x is also real, k-1/2n--uF,(i, x) is rational. 
Formulas (1 l)-(14) complete the proof of the theorem. 
One may easily verify that for a = 1 (b = 0), the present results formally 
lead, for x even, to 
H,(i, x) = -2iF(i) = -y . F . 0 = 0; 
and for x odd to 
so that the proposition is in fact contained in the theorem. 
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